Abstract-Properties of the quartz crystal blank of a resonator is assumed homogeneous, uniform, and perfect in design, manufacturing, and applications. As end products, quartz crystal resonators are frequently exposed to gases and liquids which can cause surface damage and internal degradation of blanks under increasingly hostile conditions. 
INTRODUCTION
In the analysis and design of quartz crystal resonators, it has been known that the material is homogenous and uniform naturally. This provides the single analytical procedure required in the vibration analysis of anisotropic plates with high frequency modes and particularly strong couplings of the thickness and flexural ones. The difficulties in the accurate analysis of anisotropic plate vibrations are generally known with complications from anisotropic material, coupled modes, and accompanying boundary conditions. These complications have been there and many techniques primarily based on approximation have been developed for solutions which are required in resonator design.
Further refinement and improvement of analysis are made with the consideration of more physical complications like irregular configurations of crystal blanks such as the commonly known beveling, which refers to the contours or thickness variations in edges of blanks to suppress strong couplings between thickness-shear and flexural modes. It has been found that the beveling in common configurations such as linear or quadratic variation of thickness can weaken couplings between thickness-shear and flexural modes significantly [1] [2] . As a result, various processing techniques have been developed to take the advantage by making contours or beveling in edges of crystal blank in most products.
In vibration analysis with the Mindlin plate equations, thickness variation of a plate is equivalent to changes of elastic constants and stiffness. This means we may be able to realize the reduction of mode couplings through changes of elastic constants in certain regions of the crystal plate blank, as the precise beveling intended to achieve. Clearly, further studies on the precise pattern and scheme of variation of material properties, which is also called the functionally graded materials (FGMs), in the quartz crystal resonators, are needed in finding alternative method in quartz crystal resonator processing and manufacturing. In addition to take the advantage of FGM in resonator design and fabrication, there is also a practical concern that the quartz crystal resonators exposed in gas and liquid will result in surface and internal damages which will also cause material properties variation with possibly equal effects of FGMs. The changes in functions and properties of resonators may not be neglected due to its sensitive nature or for the evaluation of service conditions. Obviously, it is equally important to study the pattern of material property change and effects on the performance and properties of resonators. Furthermore, such studies may provide valid guidelines of FGMs in quartz crystal resonators and proper pattern of FGM can be produced to improve the performance of new generations of resonators.
There have been studies on wave propagations in FGM solids with various methods including approximations and discrete techniques [3] [4] . There is no doubt that such analysis is important in establishing the correlations between performance changes and FGM patterns in wave propagation and vibrations of device structures. In the material processing part, FGM patterns can be achieved through modern technologies such as laser radiation, chemical etching, and so on. We can make the partial materials to FGM materials so advantages can be taken and the equivalent effect of beveling can be achieved with minimal cost on processing. In this case, we have finally utilized the FGMs for possible advantages rather than known applications in structural protections and enhancements [5] . Of course, applications of FGMs in acoustic wave devices have been studied before for possible performance enhancements and novel fabrication techniques [6] [7] [8] [9] . The essential nature of acoustic wave devices requires the analysis to consider wave propagations or high frequency vibrations in piezoelectric materials and solids as have been done for FGM plates and Such studies have been carried out before and leads to be followed up with more research f to meet performance requirements of ne acoustic wave devices.
II. PROBLEM AND FORMU
We start with an infinite plate of qu modified material properties resembling to F is shown in Fig.1 , and the thickness of plate i In case of and are constants, the known as
where A and are amplitudes and vib respectively.
In this study, we assume that quartz crys treated and constants and are thickness coordinate in the form of cos , cos , where and are constants, and N is large integer to ensure the smooth var thickness.
Apparently, if N is really large, then constant. We want to examine the differe caused by the small variation of appropriate choice of N.
With the consideration of tractio conditions of the plate in Fig. 1 , we can ass displacement as structures [6] [7] [8] [9] [10] [11] [12] [13] [14] and by substituting (6) into (7) 1 sin cos With the normalized parameters
where is the fundamental thickness-shear frequency of a plate with uniform properties given in (3),then we can rewrite (14) as 
where and are matrices as ,
[K]
For free vibrations of an infinite FGM quartz crystal plate, vibration frequencies can be obtained by setting the determinant of K matrix to vanish through
With all known parameters of material properties, we can evaluate (20) for the fundamental and overtone vibration frequencies. It is clear from (19) that the fundamental and overtone modes are now closely coupled. In other words, the FGM plate can no longer support pure modes of thickness-shear vibrations even it is infinite. In this case, our interests will be on the effect of FGM patterns on frequencies of the coupled thickness-shear modes.
III. NUMERICAL RESULTS
As mentioned before, vibration frequencies Ω 1,2, , ∞ can be calculated from (16). In case only two vibration modes need to be considered, or n is set to 2, we have the analytical solution as
. (21) If n is greater than 2, frequency solutions cannot be given explicitly. In any case, we have to make a decision about the cut-off frequency in the calculation and subsequently decide how many terms are to be included in the determinant. In the beginning, probably we can only carry out calculations based on trials using the accuracy of frequency solutions as criteria for the termination of calculation. The increase of numbers of terms in the matrix will improve the accuracy of frequency solutions until their convergence. For this reason, we need to decide the frequency range, or the cut-off frequency, from the beginning of the calculation. The number N in above equations will also have significant effect on the determination of frequency solutions. For really large N, the FGM pattern will be almost uniform, thus we can expect solutions with weakly coupled overtone modes. For smaller N, the FGM pattern will be significant and we expect to see great changes on overtone mode frequencies. For N in between, there will strong couplings of modes and clear effects on the frequency solutions. As an example, frequency solutions for different FGM patterns and cut-off frequencies are given in Tables I-IX below based on convergent results of different N and number of terms. It is important to point out that we have had a series of tests to examine the relationship between cut-off frequency and number of terms to be included in the calculation. Such results can be used for better estimation about number of terms to be included in future calculations. By examining the tables above, we found that for specified N of 5, 10, 15, 20, and 25, we can obtain accurate solutions of the first five frequencies with number of terms larger than 7. We used this rule of convergence estimation for the calculation of frequencies given in Table X below. One clear observation is that the overtone frequencies are no longer the exact multiples of the fundamental frequency. As the FGM approaches to homogeneous plates, we see the known pattern of frequency change again. 
IV. CONCLUSIONS
With an infinite FGM quartz crystal plate, we analyzed the thickness-shear vibrations with couplings of the fundamental and thickness-shear overtone modes. This is a unique feature of FGM plates because the modes are not coupled in homogeneous plates.
The solutions are obtained by decoupling the equations through Fourier expansion of some coefficients of the differential equation. To represent a plate with FGM material in simple and proper function, we choose the change of density and elastic constants as a cosine function, which preserves the essential feature of symmetry and ensure smooth changes along the thickness. This is a reasonable choice for a more general description of FGM patterns of quartz crystal plates under various treating and damage situations. We can expect that the laser radiation, corrosion by liquids, and long term damage through harmful environments can be well represented with this pattern. The frequency solutions, or frequency deviation from the fundamental and overtone frequencies of homogenous plates then can be used for the evaluation of the damage to plates. The multiple solutions of frequencies then can be used for a coupled estimation which will be more accurate. The results show that the vibration modes of the fundamental and overtone, both symmetric and anti-symmetric, are no longer separated and the couplings are in place for all modes. The neat nature of overtone frequencies also disappeared, and the frequencies are no longer the exact multiples of the fundamental frequency. In addition to evaluate the surface damage and corrosion of material property for resonator and sensor applications, we can also use the results for possible design of FGM quartz crystal resonators with superior properties.
